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Abstract
We present results for the QCD Equation of State at non-zero chemical potentials corresponding to the conserved
charges in QCD using Taylor expansion upto sixth order in the baryon number, electric charge and strangeness chemical
potentials. The latter two are constrained by the strangeness neutrality and a fixed electric charge to baryon number
ratio. In our calculations, we use the Highly Improved Staggered Quarks (HISQ) discretization scheme at physical
quark masses and at different values of the lattice spacings to control lattice cut-off effects. Furthermore we calculate
the pressure along lines of constant energy density, which serve as proxies for the freeze-out conditions and discuss
their dependence on µB , which is necessary for hydrodynamic modelling near freezeout. We also provide an estimate
of the radius of convergence of the Taylor series from the 6th order coefficients which provides a new constraint on the
location of the critical end-point in the T-µB plane of the QCD phase diagram.
Keywords: Finite temperature and density Quantum Chromodynamics, Quark-gluon plasma, critical point
1. Introduction
There has been a considerable progress in the understanding of the phase diagram of strongly inter-
acting matter described by Quantum Chromodynamics (QCD), much of it driven from the lattice studies.
The Equation of state (EoS) relating the energy density and pressure to temperature is known very precisely
from lattice studies in the continuum limit for vanishing baryon density [1, 2] and has been extended to finite
baryon densities as well [3, 4, 5, 6, 7, 8]. At low temperatures the thermodynamic quantities are found to be
in quite good agreement with the hadron resonance gas (HRG) model approximation, although systematic
deviations have been observed, which may be due to the existence of additional resonances which are not
taken into account in HRG model calculations based on experimentally measured resonances [9, 10]. Be-
yond the fundamental understanding of the non-perturbative aspects of QCD medium at finite temperature,
the EoS at vanishing chemical potentials is an essential input into the hydrodynamic modeling of hot and
dense matter created in heavy ion collisions at the LHC and the highest RHIC beam energies. However BES
run I and the upcoming BES-II experiments at RHIC will be probing hot and dense media characterized by
0 ≤ µB/T ≤ 3 if indeed thermalization is achieved under experimental conditions. Thus lattice input of
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Fig. 1. The fourth P4 and sixth order, P6 Taylor coefficients for the pressure in 2+1 flavor QCD under the strangeness neutrality
constraint nS = 0 and corresponding to nB/nQ = 0.4 are shown in the left and the center panels. The net pressure for different values
of µB/T as a function of temperature for the same constraint conditions is shown in the rightmost panel. All of the figures are taken
from [15].
the EoS at non-vanishing baryon number, strangeness and electric charge chemical potentials is a crucial
theoretical input for the upcoming experimental efforts. Due to the sign problem a direct calculation of the
EoS at non-zero (µB, µQ, µS ) using lattice techniques is unfortunately not yet possible. This problem can be
circumvented at small enough densities by performing Taylor expansion of the thermodynamic quantities
[3, 11]. Moreover the presence of non-analyticities in the phase diagram e.g., a possible critical end-point,
can be [12, 13] also located from the radius of convergence of the Taylor series of the baryon number fluc-
tuation [14]. In order to have a control on the Taylor expansion for pressure for a wide range of µB and to
study its radius of convergence, it is important to measure the higher order expansion coefficients which are
simply the generalized baryon number susceptibilities.
In this proceedings we report our latest results for the Taylor coefficients of pressure and baryon number
density upto sixth order in µB [15]. This enables us to calculate the EoS in the continuum limit for µB/T <
2.5 which is expected to describe heavy ion collisions at centre of mass energies as low as
√
s ∼ 11GeV [16].
We also provide a new estimate for the location of the critical end-point in the QCD phase diagram.
2. The QCD Equation of state in QCD under strangeness neutral conditions
To describe the medium created in heavy ion collisions one has to impose strangeness neutrality condi-
tion i.e., nS = 0. Moreover for most colliding heavy ions, there is a constraint on the net baryon to charged
species i.e., nQ/nB = 0.4 [17]. These conditions constrain the values of µB, µQ, µS , that enter into the cal-
culations of the EoS. We expand µS and µQ as a series in µB so that the derivatives of the partition function
with respect to µS and µQ can be expressed in terms of µB. The details of the derivation of thermodynamic
quantities like pressure, energy density for the constrained case are given in [15].
Our results are based on the lattice QCD calculation with 2+1 flavors using Highly Improved Staggered
Quark (HISQ) discretization scheme. We have chosen different lattices of extent N3s × Nτ where Nτ =
6, 8, 12, 16 and fixed Ns = 4Nτ in order to be in the thermodynamic limit. The strange quark mass are always
tuned to its physical value. The light quark masses are chosen such that the Goldstone pion mass mpi = 140
MeV for T ≤ 175 MeV. At high temperatures since the thermodynamic quantities are not sensitive to the
choice of the light quark masses we have chosen heavier than physical light quark mass which corresponds
to mpi = 160 MeV. For further technical details see Ref. [15]. We expand the pressure in the constrained
case as a series in µB/T , as
P(T, µB)
T 4
=
P(T, µB = 0)
T 4
+ P2
(
µB
T
)2
+ P4
(
µB
T
)4
+ P6
(
µB
T
)6
+ ... , Pn =
1
n!VT 3
∂nlnZQCD
∂
(
µB
T
)n . (1)
The computational complexity of the lattice calculation of the coefficients Pn increases with each order n.
For n = 2, 4 we use the conventional method of introducing µB which is known to cancel any unphysical
divergences explicitly for n ≤ 4 [18]. However for n ≥ 4 we adopt a new method of introducing µ
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Fig. 2. The net baryon number density for different µB/T as a function of temperature is shown in the left panel from [15]. Our results
for the estimators for the radius of convergence of Taylor series for χB2 (T, µB), for µS = µQ = 0 and Nτ = 8 are shown in the right panel.
Our results are compared with the calculations with an imaginary chemical potential (triangles) [25], using a reweighting technique
[26] and Taylor expansions [28] for standard staggered fermion discretization rescaled using Tc = 154 MeV taken from [15].
which significantly reduces the computational costs [19] for these higher order Pn without introducing any
potentially divergent term [20]. Our results for Taylor coefficients for pressure are shown in the left and
central panels of Fig. 1 for different lattice spacings. The gray band represents the continuum extrapolated
results obtained from our Nτ = 6, 8 data. For P4 we observe a deviation from the HRG values already
for T ≥ 150 MeV. For P6 the central values are systematically below the HRG estimates for T > 145
MeV however given the current errors we cannot make a conclusive statement. However with the high
statistics data, we can clearly observe a negative dip in P6 immediately in the vicinity and above the chiral
crossover region given by Tc = 154(9) MeV [21]. This is a genuine signature of the non-perturbative nature
of the QCD medium just above deconfinement which cannot be reproduced within Hard Thermal Loop
perturbation theory [22]. Our results are in good agreement with the continuum estimates obtained from
imaginary µ techniques using analytic continuation [23, 24].
Using these estimates of Pn, we have calculated the pressure in QCD for different values of µB/T relevant
for RHIC BES experiments, the continuum estimates of which are shown in the rightmost panel of Fig. 1.
For T > 170 MeV we infer that it is sufficient to consider terms upto O(µ6B) for calculating pressure for a
wide range of µB/T ≤ 2.5 due to convergence of the results at this order compared to the results obtained
from truncation at O(µ4B). For T < 165 MeV, the convergence is still fairly good limited only due to the large
errors in the P6 data. For the net baryon number density shown in the left panel of Fig. 2, terms upto O(µ6B)
are not sufficient for its estimation for µB/T > 2 as we do not find a convergence of the results from different
orders of truncation. This is due to the fact that the higher order Taylor coefficients contribute with a larger
numerical prefactor in the baryon number density compared to pressure. Hence a precise calculation of the
sixth order coefficient and extending to further higher orders are needed for estimating the baryon number
density for µB/T > 2. In summary we now have continuum extrapolated results for the EoS for µB/T ≤ 2
for a wide range of temperatures. A parameterization of the pressure and number densities as a function of
Tc/T for the constrained case are available, for more details see [15].
3. The critical end-point estimates upto O(µ6
B
)
The net baryon-number susceptibility, χB2 is expected to diverge at the critical end-point, so the ratios
of the successive terms in its Taylor series, would give an estimate for the radius of convergence. Having
obtained the coefficients of the Taylor series for pressure, we can calculate estimates for the radius of con-
vergence as rχ2n =
∣∣∣∣ 2n(2n−1)P2nP2n+2(2n+2)(2n+1) ∣∣∣∣1/2, but for µS = µQ = 0. These estimates will converge to the true radius
of convergence in the limit n → ∞. Our results for rχ2n are shown in the right panel of Fig. 2. The upper
boundary of the excluded region is obtained by considering the upper values of errors in our P6/P4 data.
Our results are consistent with the very recent results for these ratios obtained from calculations with an
imaginary µB [25], where the estimates of r
χ
4 are larger than our current lower bound. Estimators calculated
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based on a reweighting technique [26] as well as from Taylor series expansion in 2-flavor QCD [27, 28] are
consistently lower than our bounds. However one has to note that all the lattice results are at fixed lattice
spacing which leads to the present differences, which hopefully would agree in the continuum limit.
4. Summary and Outlook
We now have continuum extrapolated results for the QCD EoS for µB/T ≤ 2 under the constraints that
are realized in heavy-ion experiments using Taylor expansion upto O(µ6B) . Furthermore we have measured
different estimators for the radius of convergence of the net baryon number fluctuation, which allows us to
rule out the existence of a critical end-point in the QCD phase diagram for µB/T ≤ 2 and 145 ≤ T ≤ 155
MeV. This is consistent with the fact that we find no non-analyticities in the Taylor expansion of pressure for
these values of µB/T . In order to extend our results to µB/T > 2 to be accessible in the BES II experiments
at RHIC and provide more robust bounds on the location of the critical end-point we need to calculate the
eighth order Taylor coefficient for pressure, which is well within our reach.
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